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A h s t r a c t .  R e c e n t l y  s e v e r a l  i n v e s t i g a t o r s  have 
s t u d i e d  t h e  p r o b l e m  of  d i s p l a y i n g  t e x t  c h a r a c t e r s  on 
g r e y  l e v c l  r a s t e r  scan d i s p l a y s .  D e s p i t e  arguments 
suggest in!^ t h a t  g r e y  l e v e l  t l i s p l a y s  a r e  e q u i v a l e n t  
t o  v e r y  h i g h  I - e s o l l r t i o n  b i t n a p s ,  t h e  per formance o f  
g r e y  l e v n l  d i s p l a y s  has  been d i s a p p o i n t i n g .  T h i s  
paper  w i l l  show t h a t  much o f  t h e  problem can be 
t r a c e d  t o  i n a p p r n p r i a t e  arl t . ia1 i a s i n g  p rocedures .  
Ins t t ! i l t l  o f  t l t n  c l i ~ s s i c a l  ( s i n  x ) / x  filter, t h e  
s i t u a t i o n  c a l l s  f o r  a  f i l t e r  w i t h  c h a r i r c t c r i s t i c s  
m a t c h r t l  h o t h  t o  t h e  n a t u r e  o f  d i s p l a y  on CRls and t o  
t h e  Iiuman v i s u a l  system. We g i v e  ~x; lm(>les t o  
i l l u s t r a t e  t h c  problems o f  t h e  < > x i s t i n g  methods and 
t h e  ar lvantages of- t h e  new mothods. A l t h n ~ r g h  t h e  
t e c h n i q u e s  a r e  d e s c r i b e d  i n  terms o f  t e x t ,  t h p  
r e s u l t s  have a p p l i c a t i o n  t o  t h e  genera l  a n t i a l i a s i n g  
p r o b l e m - - a t  l e a s t  i n  t h e o r y  i f  n o t  i n  p r a c t i c e .  
1. INTRODUCTION 
I h e  computer  age n e a r l y  des t royed  q u a l i t y  
p r i n t e d  and displayed t e x t .  Many of us remember o u r  
f i r s t  s i q h t  o f  t h e  ~ l g l y ,  uneven impress ion  o f  a  h i g h  
speed c h a i n  p r i n t e r .  A t  t h c  t in ic ,  i t  seemed 
i n c v i  t a b l e  t h a t  h i g h  t e c h n o l o g y  would sweep more 
b e a u t i f t ~ l - - a n d  l e s s  u t i  1  i tal-ian--met.horls of- t e x t  
d i s p l a y  a s i d e  f o r  a l l  b u t  t h e  most prcrnilrm o f  uses.  
R c c c n t l y  t h i s  p r o s p e c t  has changed. W i t h  t h e  
g r o w i n g  a v a i l a b i l i t y  o f  rast .er  scan d i s p l a y s  we have 
w i t n e s s e d  a  t.echnology w i t h  t h e  c a p a b i l i t y  o f  
g e n e r a t i n g  a lphanumer ic  t e x t  t h a t  i s  more than  j u s t  
r e a d a b l e  b u t  p l e a s a n t  t o  v i e w  as w e l l .  
I t  i s  an e x c i t i n g  dream o f  men l i k e  Donald 
K n u t h  t o  be a b l e  t o  compose l o c a l l y  and t r a n s m i t  f o r  
p u b l i c a t i o n  h i g h  q u a l i t y  t e x t  c o n t a i n i n g  m u l t i p l e  
f o n t s  and m a t h e m a t i c a l  e q u a t i o n s .  T h i s  tlream wou ld  
b e  madc more a t t r a c t i v e  i f  an au thor  would be a b l e  
t o  see  t h e  r e s u l t  immed ia te ly ,  r a t h e r  t h a n  h a v i n g  t o  
w a i t  s e v e r a l  days f o r  t h e  o u t p u t  o f  a  $100,000 
mach ine .  The i d e a l  wou ld  bc t o  c l o s e  t h e  l o o p :  t o  
makc a v a i l a b l e  t o  t h e  a u t h o r  an inexpens ive  r e a l  
t i m e  d e v i c e  a b l e  t o  d i s p l a y  h i g h  per formance images. 
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F u r t h e r m o r e ,  t h e  e f f e c t  o f  h i g h  q u a l i t y  r e a l  
t i m e  d i s p l a y s  on t h e  a c t i v i t i e s  o f  computer sc ience  
i t .se1.f h a s  y e t  t o  be  a c c u r a t e l y  assessetl. 
B u t - - a s i d e  f r o m  t h e  c r e a t i o n  o f  t h e  word p r o c e s s i n g  
i n c l ~ ~ s l r y - - t h e  i n t r o t l u c t i o n  o f  expantled codcs t o  
inc111de r e l a t i v e l y  mundane fc?atcfres such as l o w e r  
c a s c  c h a r a c t e r s  has  t rcmcndous ly  changed t h e  f l a v o r  
-if n o t  l.hc s t ~ h s t a n c e  o f  progrunlmirl(l: s u r e l y  none o f  
u s  wc l r~ l t l  w i s h  t.o r e t u r n  t o  t h e  5 - b i t  Baudot code! 
Morc! i m p o r t a n t l y ,  t h e  a s t o n i s h i n g  power and economy 
o f  comput.er langicagc:; and mathemat ica l  not .at ions 
w h i c h  - i n c o r p o r a t e  s p e c i a l  synlbols (such  as APL and 
symbn l i r :  l o g i c )  c e r t a i n l y  I tas h idden lessons  f o r  t h e  
c o m p u t e r  s c i e n c e  com~nuni t y .  
Many r e s e a r c h e r s  soon d i s c o v e r e d  t h a t  t h e  
p r o b l e m  o f  d i s p l a y i n g  s y n t h e t i c a l l y  generatet l  images 
on  r a s t e r -  scan d e v i c e s  was a  n o n t r i v i a l  t a s k  [Crow 
1976, U l i n n  19791. The s o  c a l l e d  a l i a s i n g  p rob lem 
was e n c o u n t e r e d  clue t o  t h e  h i g h  f requency c o n l e n t  o f  
a r t i f i c i a l l y  s y n t h e s i z e d  images. These r e s e a r c h e r s  
d e v e l o p e d  methods t o  overcome t h i s  problem which can 
b e  v i e w e d  a l t e r n a t i v e l y  as i n t e r p o l a t i o n  05  
b r i g h t n e s s e s  between p i x e l s  o r  f i l t e r i n g  w i t h  a  
t r i a n g u l a r  c o n v o l u t i o n  k e r n e l .  We s h a l l ,  f o r  
d e f i n i t e n e s s ,  r e f e r  t o  t h i s  popu la r  scheme as 
t r i a n g u l a r  f i l t e r i n g .  
l h c  f i r s t  a t t e m p t s  t o  d i s p l a y  t t t x t  on r a s t e r  
s c a n  t lev. ices used  t h e s e  i n t u i t i v e  f i l t e r i n g  schemes 
t h a t  w o r k e d  s u r p r i s i n g l y  w e l l  i n  p r a c t i c e  [Warnock 
1980. S e i t z l .  I t  i s  t h e  a i m  o f  t h i s  paper t o  
a n a l y z e  t h e  per fo rmi rnce  o f  these  schemes f o r  t h e  
g e n e r a l  image case as w e l l  as t h e  t e x t  case. We 
a l s o  p r o p o s e  a  new mcthod f o r  choosing 'he p i x e l  
v a l u e s  w h i c h  make up  a  s y n t h e t i c  image, show some 
p r e l i m i n a r y  r e s u l t s ,  and f i n a l l y  d i s c u s s  t h e  f u t u r e  
d i r e c t i o n s  t h a t  t h i s  r e s e a r c h  may t a k e .  
By now, t h e  a l i a s i n g  problem f o r  computer 
g e n e r a t e d  images i s  w e l l  known t o  a l l  i n  t h e  f i e l d ,  
a s  a r c  t h e  f requency  domain i n t e r p r e t a t i o n  o f  t h e  
phenomenon and t h e  f i r s t  o r r le r  a l ~ p r o x i m a t i o n  t o  i t s  
s o l u t i o n .  We w i s h  t o  examine i 6  d e t a i l  t h c  
p e r f o r m a n c e  o f  t h i s  f i r s t  o r d e r  approx imat ion .  I t  
i s  w e l l  known t h a t  t h e  t r i a n g u l a r  f i l t e r i n g  
a l g o r i t h m  i s  cheap, f a s t ,  easy t o  implement, and 
p r o d u c e s  an  adequate a n t i a l i a s e r l  image f o r  v e r y  many 
a p p l i c a t i o n s .  There a r c  o t h o r  a p p l i c a t i o n s ,  
h o w e v e r ,  t h a t  r e q u i r e  h i g h e r  1~erfort: lance. Text  i s  
j u s t  such  an a p p l i c a t i o n .  Charac te rs  c o n s i s t  a lmos t  
e n t i r c l y  of  s h a r p  edges ant1 c o n t a i n  sma l l  s u b p i x e l  
f n a t ~ r r e s ,  such as s e r i f s .  A lso,  t h e  p rocess ing  o f  
t e x t  c a n  be  done o f f l i n e  and t h e  r e s u l t  s t o r e d  i n  
permanent  memory. The method we p r e s e n t  here  i s  
e x p e n s i v e ,  s low,  and relatively hard  t o  implement, 
b u t  I t  p r o d u c e s  h i g h e r  q u a l i t y  images than the u s u a l  
t r i a n g u l a r  f i l t e r i n g  scheme. I t  i s  n o t  now s u i t a b l e  
T o r  r e a l  t i m e ,  o r  near  r e a l  t ime ,  r a s t e r  d i s p l a y  
a p p l i c a t i o n s .  
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T t  s h o u l d  be emphasized t h a t  these  methods and 
a n a l y s e s  a r e  a p p l i c a b l e - - a t  l e a s t  i n  t h e o r y - - t o  t h e  
r ~ e n e r a l  p r o b l e m  o f  a n t i a l i a s i n g  a r b i t r a r y  images. 
We have  chosen t o  f o c u s  on t h e  d i s p l a y  o f  t e x t  
r a t h e r  t h a n  a r b i t r a r y  g r a p h i c  o b j e c t s  because 
c n r  t a i n  c o m p u t a t i o n a l  advantarjes acc rue  tltre t o  t h e  
s m a l l  s i z e  o f  c h a r a c t e r s .  I f  t h e  computa t iona l  
i m p l e m e n t a t i o n s  o f  t h e s e  methods c u r r e n t l y  were n o t  
e c o n o m i c a l l y  i m p r a c t i c a b l e  we wou ld  be r e p o r t i n g  on 
t h e  g e n e r a l  s y n t h e t i c  image d i s p l a y  p rob lem as w e l l .  
2 .  AN ANALYSIS OF POPULAR ANTIALIASING SCHEMES 
LINEAR FILTERING WITH A  TRIANGULAR PSF. 
T h i s  s e c t i o n  w i l l  ana lyze  how w e l l  t h e  
t r i a n g u l a r  f i l t e r i n g  a l g o r i t h m  does i n  removing 
a l i a s i n g  w h i l e  n o t  o t h e r w i s e  d i s t o r t i n g  t h e  p ic t .ure.  
The d e t a i l s  o f  t h e  development a r e  n e c e s s a r i l y  
m a t h e m a t i c a l ,  b u t  we p r e s e n t  t h e  key i d e a s  here  f o r  
t h o s e  who want  an o v e r v i e w  o f  t h e  s e c t i o n .  There 
a r e  t w o  p r i m a r y  sources  o f  e r r o r  i n  t h e  t r i a n g u l a r  
f i l t e r i n g  scheme. (1) The t r i a n g l e  i n t e r p o l a t i o n  
k e r n e l  i s  n o t  an i d e a l  l ow pass f i l t e r  and passes 
f r e c l u e n c i e s  t h a t  a r e  beyond t h e  N y q u i s t  l i m i t .  
Thus,  i t  i s  s u b j e c t  t o  a l i a s i n g .  ( 2 )  The 
i n t e r p o l a t i o n  k e r n e l  docs n o t  t a k e  i n t o  account  t h e  
r e c o n s t r u c t i o n  k e r n e l .  Tha t  i s ,  i t  i g n o r e s  t h e  f a c t  
t h a t  p i x e l s  on t h e  CRT d i s p l a y  a r e  Gaussian spo ts .  
The Gaussian s p o t s  a r e  n o t  i d e a l  lowpass f i l t e r s  
e i t h c r  and g i v e n  t h e  u s u a l  f o c u s  s e t t i n g  t h e  t h e  
f r e q u e n c y  response  o f  t h e  r e c o n s t r u c t i o n  i s  f a r  f r o m  
f l a t .  llow w e l l  doer  the  u s u a l  scheme wnrk? The 
answer  dcpcnds.  o f  course ,  on t h e  n a t u r e  o f  t h e  
images  d i s p l a y e d ,  and t h e  mathemat ics t e l l s  you how 
t o  c a l c u l a t e  t h e  answer f o r  your  image. The g i s t  o f  
t h e  answer, though,  i s  t h a t  f o r  c e r t a i n  images l i k e  
t e x t ,  t h e r e  i s  p l e n t y  o f  room f o r  improvement. 
The most  p o p u l a r  scheme f o r  a n t i a l i a s i n g  i s  t o  
l i n e a r l y  f i l t e r  t h e  i n o u t  s i g n a l  w i t h  some s o r t  o f  
i n t e r p o l a t i o n  k e r n e l  [Scha fe r  and Rabiner  1973, 
O e t k e n ,  e t .  a l .  19751. We f o c u s  on t h e  case o f  
a r t i f i c i a l  images such as t e x t  and computer 
g e n e r a t e d  c a l l i g r a p h i c  and hal f t .one images f o r  
d i s p l a y  on r a s t e r  scan f rame b u f f e r s .  There i s  some 
c o n t r o v e r s y  abou t  t h e  c h a r a c t c r i s t i c s  o f  t h e  optimum 
i n t e r p o l a t i o n  k e r n e l  w i t h  r e s p e c t  t o  t h e  amount o f  
r i n g i n g ,  and whether  n e g a t i v e  l o b e s  a r e  d e s i r a b l e  
[ G a b r i e l  19771. Many workers  have s e t t l e d  on a  
t r i a n g u l a r  i n t e r p o l a t i o n  k e r n e l  as a  s i m p l e  
compromise t h a t  g i v e s  good r e s u l t s  i n  p r a c t i c e  and 
I s  easy  t o  compute [Crow 1976, Warnock 19801. 
I n  t h e  i n t , e r e s t  o f  concre teness  we s h a l l  
r e s t r i c t  t h e  e n s u i n g  a n a l y s i s  t o  t h e  t r i a n g u l a r  
i n t e r p o l a t i o n  case;  however, t h e  reader  can r e a d i l y  
d i s c e r n  t h a t  t h e  arguments i n v o l v e d  a r e  q u i t e  
g e n e r a l .  P a r t s  o f  t h i s  a n a l y s i s  a r e  s i m i l a r  t o  
t h o s o  f o u n d  i n  [ P r a t t  19781. 
The t r i a n g u l a r  PSF i s  shown i n  F i g u r e  1 and i s  
g i v e n  b y  t h e  e q u a t i o n :  
- 7 4 1  T 
k t {>  = 
To p e r f o r m  t h e  sampl ing  and r e c o n s t r u c t i o n  we 
c o n v o l v e  t h e  i d e a l  image w i t h  t h e  i n t e r p o l a t i o n  
k e r n e l ,  sample w i t h  r a s t e r  p i t c h  T, and r e c o n s t r u c t  
b y  c o n v o l v i n g  t h e  sampled s i g n a l  w i t h  t h e  
r e c o n s t r u c t i o n  k e r n e l .  As i s  w e l l  known, t h e s e  
s t e p s  a r e  b e s t  v i s u a l i z e d  i n  t h e  f requency  domain. 
The F o u r i e r  t r a n s f o r m  o f  k(g), t h e  t r i a n g u l a r  
k e r n e l ,  i s  K(w) a s  shown i n  F i g u r a  2 .  T h i s  1s 
compared  w l t h  t h e  i d e a l  N y q u i s t  k e r n e l  o f  strl(~)&/r). 
The a n a l y t i c  e x p r e s s i o n  f o r  K ( u )  i s  
, - ,  
T h i s  f i g u r e  c l e a r l y  shows a  p o s s i b l e  source  o f  
a l i a s i n g  e r r o r  allo\.red b y  t h i s  k e r n e l .  Namely f o r  
an  i n p u t  image f ( t )  w i t h  F o u r i c r  t r a n s f o r m  F(w) t h e  
r o o t  mean square  a l i a s i n g  energy i s  g i v e n  by 
EQ) rs 
Now i f  F  has  most o f  i t s  energy  c o n c e n t r a t e d  i n  
t h e  l o w  f r e q u e n c i e s  then  t h e  a l i a s i n g  e r r o r  energy 
i s  q u i t e  S m a l l  s i n c e  t h e  two terms i n  E q u a t i o n  ( 2 . 1 )  
a r e  r o u g h l y  t h e  same. U n f o r t u n a t e l y ,  most  
a r t i f i c i a l  images, and e s p e c i a l l y  t e x t ,  have a  
F o u r i e r  spec t rum t h a t  r e s i d e s  a l m o s t  e x c l u s i v e l y  i n  
t h e  h i g h  f r e q u e n c y  p o r t i o n s  o f  s i g n a l  space. To g e t  
some i d e a  o f  t h e  energy  e r r o r  i n v o l v e d ,  l e t  u s  t a k e  
a  " l i n e  s o u r c e " ,  v i z .  a  l i n e  o f  d e l t a  f u n c t i o n s .  
T h i s  s i t u a t i o n  i s  t o  be met, f o r  example, i n  t h e  
v e r y  t h i n  s t r o k e s  o f  c l a s s i c  Roman c a p i t a l s ,  and i n  
t h e  d i a g o n a l  s t r o k e s  o f  a  c a p i t a l  A  f o r  t h e  Bodoni 
t y p e f a c e .  
I n  t h i s  case f ( t )  approaches a  D i r a c  d e l t a  
f u n c t i o n  whose F o u r i e r  t r a n s f o r m ,  i n  t u r n ,  
approaches  a  f l a t  spectrum. E q u a t i o n  (2.1) t h e n  
g i v e s  
TT 
To p e r f o r m d t h e  ; impling s t e p  i n  t h e  f requency  domain 
we m c r e l y  r e p l i c a t e  t h e  s i g n a l  a t  t h e  samp l ing  
f r e q u e n c y .  Assume we have a l r e a d y  f o l d e d  i n  a l l  t h e  
a l i a s i n g  energy  so t h a t  our  m o d i f i e d  s i g n a l  appoars 
a s  i n  F i g u r e  3 .  Sampl ing now r e p l i c a t e s  t h i s  
m o d i f i e d  s i g n a l  t o  something shown i n  F i g u r e  4 .  Now 
we c a n  r e c o n s t r u c t  t h e  s i g n a l  b y  p a s s i n g  i t  t h r o u g h  
a  r e c o n s t r u c t i o n  f i l t e r .  I f  t h e  r e c o n s t r u c t i o n  
k e r n e l  i s  t h e  N y q u i s t  k e r n e l ,  
t h e n  t h e  s i g n i i  i s  a  low pass  f i l t e r e d  v e r s i o n  o f  
t h e  o r i g i n a l .  However, i n  t h i s  m a t t e r  we a r e  n o t  
f r e e  t o  e x e r c i s e  a  c h o i c e  f o r  our  r e c o n s t r u c t i o n  
k e r n e l ,  e x c e p t  f o r  a  v e r y  l i m i t e d  range .  The 
r e c o n s t r u c t i o n  k e r n e l s  a v a i l a b l e  t o  u s  a r e  f i x e d  by 
t h e  p h y s i c s  o f  t h e  o u t p u t  d e v i c e s  a t  o u r  d i s p o s a l ,  
w h e t h e r  t h e y  b e  e l e c t r o s t a t i c  p r i n t e r ,  COM dev ices ,  
o r  CRT based  d i s p l a y s .  To t a k e  t h e  most common 
example,  i t  i s  w e l l  known t h a t  t h e  s p o t  luminance 
d i s t r i b u t i o n  f o r  a  CRT i s  Gaussian, t h e  v a r i a n c e  o f  
w h i c h  i s  s e t  b y  t h e  f o c u s i n g .  A t  t h e  p r o p e r  f o c u s  
p o i n t ,  a  f l a t - f i e l d  r a s t e r  j u s t  becomes smooth, t h l s  
i s  g i v e n  r o u g h l y  a t  t h e  p o i n t  
w h e r e  d i s  t h e  s t a n d a r d  d s v l a l i o n  o f  t h e  Gausstan. 
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Now, t h e  F o u r i e r  t r a n s f o r m  o f  t h i s  r e c o n s t r u c t i o n  
k e r n e l  i s  
Thus t h e  f i n a l  o u t p u t  s i g n a l  l o o k s  more l i k e  F i g u r e  
5 i n s t e a d  o f  a p p e a r i n g  as i n  t h e  normal  case.  I n  
t h i s  p i c t u r e  we can see two sources o f  e r r o r  a r i s i n g  
f r o m  t h e  mismatch o f  t r i a n g u l a r  and Gaussian k e r n e l :  
I m a g i n g  e r r o r s  and e q u a l i z a t i o n  e r r o r s .  
I m a g i n g  e r r o r s  a r e  produced b y  t h e  leakage o f  
s p u r i o u s  c o p i e s  o f  t h e  o r i g i n a l  s i g n a l .  T h i s  i s  
g i v e n  b y  
When t h e  Gaussian s p o t  i s  focused  p r o p e r l y  t h i s  
e r r o r  i s  q u i t e  s m a l l .  (O therw ise  a  f l a t  f i e l d  
w o u l d n ' t  have  appeared f l a t . )  
By f a r  t h e  more s e r i o u s  e r r o r  i s  caused b y  t h e  
m ismatch  between t h e  t r i a n g l e  and Gaussian f requency  
r e s p o n s e s .  L e t  u s  f o r  t h e  moment i g n o r e  t h e  e f f e c t s  
o f  a l i a s i n g  and imaging,  say b y  a t t e m p t i n g  t o  
d i s p l a y  an  a l r e a d y  p e r f e c t l y  b a n d l i m i t e d  s i g n a l  on a  
p r o p e r l y  f e c u s e d  d i s p l e y  { g = T ! . 6 6 ) .  I n  t h i s  case 
t h e  o v e r a l l  m o d u l a t i o n  t r a n s f e r  f u n c t i o n ,  i s  g i v e n  
b y  
T h i s  c u r v e  i s  p l o t t e d  on a  dB s c a l e  i n  
F i g u r e  6 .  Note  t h a t  f o r  t h e  h i g h e r  f r e q u e n c i e s  t h e  
MTF i s  down b y  a l m o s t  10 dB!  C l e a r l y ,  t h i s  amount 
o f  a t t e n u a t i o n  i s  c a u s i n g  a  s i g n i f i c a n t  amount o f  
s h a r p n e s s  l o s s ,  p a r t i c u l a r l y  i n  t h e  f i n e  f e a t u r e s  o f  
h i g h  q u a l i t y  f o n t s .  
Thus, i f  one i s  c o n s t r a i n e d  t o  use t o  t h e  
l i n e a r  f i l t e r i n g  approach, a  h i g h  f requency  
p r e e m p h a s i s  i s  c l e a r l y  c a l l e d  f o r - - a t  t h e  expense o f  
an i n c r e a s e d  a l i a s i n g  e r r o r  t r a d e o f f .  
OTHER KERNELS 
Many a d  hoc  schemes b e s i d e s  l i n e a r  f i l t e r i n g  
h a v e  been proposed.  Many a r e  e q u i v a l e n t  t o  l i n e a r  
f i l t e r i n g  w i t h  t r i a n g u l a r  o r  o t h e r  k e r n e l s .  These 
i n c l u d e  p r o p o r t i o n a l  w e i g h t i n g  o f  t h e  a rea  o f  a 
g i v e n  p i x e l  covered,  t r a p e z o i d a l  decompos i t i on ,  
c o n t o u r  smooth ing ,  and n e a r e s t  ne ighbor  schemes. 
One may wonder i f  t h e  above remarks a p p l y  t o  
a l l  i n t e r p o l a t i o n  k e r n e l s  as w e l l  as t h e  t r i a n g l e .  
F u r t h e r m o r e ,  t h e r e  a r e  a  w e a l t h  o f  p o s s i b l e  
n o n l i n e a r  schemes t h a t  come t o  mind. One can 
i m a g i n e  an E d i s o n - t y p e  progranime i n v o l v i n g  a  massive 
amount o f  exper iment  i n  o r d e r  t o  converge on t h e  
c o r r e c t  s o l u t i o n .  There i s ,  howev'er, a  non ad hoc 
a p p r o a c h  t h a t  i s  c l o s e l y  r e l a t e d  t o  t h e  r o o t s  o f  t h e  
W h i t t a k e r - S h a n n o n  sampl ing  theorem, f r o m  wh ich  t h e  
o r l g i n a l  f r e q u e n c y  domain a n a l y s i s  4s d e r j v e d .  
3 .  OPTIMUM LINEAR SAMPLING AND RECONSTRUCTION 
I n s t e a d  o f  choos ing  an a r b i t r a r y  k e r n e l  and 
c a l c t l l a t i n g  i t s  per formance,  i n  t h i s  s e c t i o n  we 
p r e s e n t  an approacl i  t h a t  c a l c u l a t e s  t h e  optimum 
l i n e a r  a n t i a l i a s i n g  f i l t e r  f o r  a  g i v e n  o u t p u t  
r e s t o r a t i o n  k e r n e l .  I t  t u r n s  o u t  t h a t  t h i s  method 
h a s  a  f l a w  w h i c h  i s  c o r r e c t e d  i n  t h e  n e x t  sect. ion. 
The f l a w  i s  t h a t  images w i t h  n e g a t i v e  o u t p u t s  w i l l  
b e  g e n e r a t e d .  
I n  a way, we may t h i n k  01 t h e  image sampl ing 
a n d  r e c o n s t r u c t i o n  p rocedure  as an f u n c t i o n  
a p p r o x i m a t i o n  p rob lem.  We a r e  g i v e n  as b a s i s  
f u n c t i o n s  t h e  Gaussian s p o t s  on  a  CUT. The q u e s t i o n  
we may pose  t h e n  i s :  "What a r e  t h e  optimum w e i g h t s  
t o  l i n e a r l y  combine t h e  b a s i s  v e c t o r s  f o r  
a p p r o x i m a t i o n  o f  t h e  i d e a l  s i g n a l ? "  
I n  o t h e r  words, we a r e  f r e e  t o  v a r y  t h e  
b r i g h t n e s s  o f  ear.h p i x e l  s \ m t  (wh ich  i s  a  Gaussian 
d i s t r i b u t i o n )  i n  o r d e r  t o  make t h e  r e c o n s t r u c t e d  
s i g n a l  a s  " c l o s e '  t o  t h e  o r i g i n a l  i d e a l  image a s  
p o s s i h l e .  I n  a  CRT, t h e  r e c o n s t r u c t e d  image i s  
g i v e n  by a  w e i g h t e d  sum o f  Gaussian bumps: 
00 
R 
I n  t h i s  e q u a t i o n ,  x i  r e p r e s e n t s  t h e  p i x e l  
v a l u e ,  and g i ( 5 )  r e p r e s e n t s  a  Gaussian d i s t r i b u t i o n  
c e n t e r e d  a t  t h e  itli p i x e i .  See F i g u r e  7 .  
Each Gaussian i s  a  s h i f t e d  v e r s i o n  o f  a  
c a n o n i c a l  bump: 
Now t h e  q u e s t i o n  i s ,  how do we measure t h e  c loseness  
o f  t w o  images? Namely, g i v e n  two images how do we 
a s s i g n  a  n o n - n e g a t i v e  r e a l  number which corresponds 
t o  t h e  d i s t a n c e  between them? The c h o i c e  o f  such a 
d i s t a n c e  m e t r i c  i s  a  n o n t r i v i a l  t a s k - - a  c h o i c e  on 
w h i c h  t h c  u l t i m a t e  v i s u a l  q u a l i t y  o f  t h e  images i s  
s t r o n g l y  i n f l u e n c e d .  We w i l l  d i s c u s s  t h e  c h o i c e  o f  
o t h e r  image m e t r i c s  based on t h e  human v i s u a l  system 
b e l o w ,  b u t  f o r  now we choose a  p a r t i c u l a r  m e t r i c  
w h i c h  h a s  many p l e a s i n g  a n a l y t i c  ( i f  n o t  v i s u a l )  
p r o p e r t i e s ,  t h e  mean square m e t r i c .  The d i s t a n c e  
be tween t w o  images fl, fZ i s  g i v e n  by 
The s a m p l i n g  p rob lem may now be s t a t e d  thus :  
G i v e n  an i n p u t  image f ( e ) .  what a r e  
t h e  optimum p i x e l  va lues  x i  
m i n i m i z i n g  t h e  e r r o r  between t h e  
o r i g i n a l  image and t h e  r e c o n s t r u c t e d  
image? Tha t  i s ,  f i n d  t h e  v a l u e s  
-...,X-I' Xo,  xi,. . . m i n i m i z i n g  
Now, i n  p r a c t i c e ,  t h e r e  are-only a  f i n i t e  number o f  
samp le  p o i n t s  t o  be determinet l ,  say x,, xi,. . .,xnSi . 
I n  o r d e r  t o  m i n i m i z e  t h i s  f u n c t i o n a l  we take  i t s  
g r a d i e n t  and s e t  i t  t o  ze ro .  
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T h i s  g i v e  r i s e  t o  a  system o f  e q u a t i o n s  
D o i n g  a  l i t t l e  a l g e b r a  we o b t a i n :  2 i = o $ij>il<irdsi ~t = !b~)~~(t)d!~ -a, 
Now we u s e  t h e  i d e n t i t y  ( 2 . 2 )  t o  g e t  
The h i a n t i t i e s  on b o t h  s i d e s  o f  t h i s  e q u a t i o n  have 
names, 
J- m 
w h e r e  R 3 ( ( i - k ) T )  i s  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  o f  
t h e  Gauss ian  s p o t  e v a l u a t e d  a t  t h e  p o i n t  ( i - k ) T .  
The q u a n t i t y  on t h e  l e f t  i s  s i m p l y  R  ( k T )  t h e  c r o s s  
c o r r e l a t i o n  o f  f and g  a t  kT .  $9 
S e t t i n g  R g ( ( i - k ) T ) = a i k  and R&(kT)=bk t h e  above 
n o r m a l  e q u a t i o n s  t a k e  t h e  f a m i l i a r  fo rm 
Where A  i s  an n  n  m a t r i x  c a l l e d  t h e  Gram m a t r i x  and 
b i s  an  n - d i m e n s i o n a l  column v e c t o r ,  where n  i s  t h e  
number o f  p i x e l s  i n  t h e  o u t p u t .  The optimum p i x e l  
v a l u e s  a r e  t h e n  g i v e n  b y  t h e  s o l u t i o n  o f  t h i s  system 
o f  e q u a t i o n s .  
I t  i s  w e l l  known t h a t  t h e  a u t o c o r r e l a t i o n  
m a t r i x  A  i s  o f  t h e  so c a l l e d  symmetr ic  T o e p l i t z  
f o r m ,  v i z .  i t  i s  c o n s t a n t  a l o n g  t h e  m a j o r  
d i a g o n a l s .  There e x i s t  f a s t  methods t o  i n v e r t  such 
m a t r i c e s  L L e v i n s o n  1947, Trench 19641. These stem 
f r o m  t h e  f a c t  t h a t  t h e r e  a r e  n o t  r e a l l y  n2 
i n d e p e n d e n t  e lements  b u t  r a t h e r  n .  I n v e r s i o n  w i t h  
t h e  Le  inson-Trench  scheme i s  0(n2) i n s t e a d  o f  t h e  Y u s u a l  n  . 
N o t e  t h a t  i n  t h e  2 -d imens iona l  case t h e  m a t r i x  
i s  n o  l o n g e r  T o e p l i t z  b u t  r a t h e r  B lock  T o e p l i t z ,  
w i t h  T o e p l i t z  sub-b lacks ,  t h u s  e n a b l i n g  s i g n i f i c a n t  
economies  i n  t h e  s t o r a g e  and computa t ion  o f  t h e  
s o l u t i o n  v e c t o r s  [ K a j i y a  19811. These sav ings  can 
b e  q u i t e  s i g n i f i c a n t  s i n c e  f o r  a  p i c t u r e  n  p i x e l s  
s q u a r e ,  t h e  f u l l  Gram m a t r i x  r e q u i r e s  n4 e lements 
a n d  t a k e  t i m e  0 ( n 6  ) t i m e  t o  s o l v e ,  f o r  n=512 t h e  
s t r a i g h t f o r w a r d  i n v e r s i o n  scheme i s  w e l l  beyond t h e  
c a p a b i l i t i e s  o f  even t h e  l a r g e s t  o f  computers, w h i l e  
t h e  Lev inson-Trench  r e c u r s i o n  i s  q u i t e  p r a c t i c a l .  
I t  may seem t h a t  f o r  t e x t  c h a r a c t e r  f o n t s ,  much 
o f  t h i s  d i s c u s s i o n  i s  moot s i n c e  c h a r a c t e r s  a r e  
q u i t e  s m a l l ,  say  10x13 p i x e l s .  However, even f o r  
t h i s  s i z e ,  t h e  m a t r i c e s  have 16900 elements, and for 
a  30x30 p i x e l  f o n t  t h e  f u l l  a u t o c o r r e l a t i o n  m a t r i x  
r e q u i r e s  a l m o s t  a  m i l l i o n  e n t r i e s !  
An i m p o r t a n t  p o i n t  concerns t h e  r e c o n s t r u c t i o n  
k e r n e l s .  I f  t h e y  were n o t  Gaussians as i n  a  CRT b u t  
r a t h e r  N y q u i s t  k e r n e l s  as i n  t h e  i d e a l  case, t h e n  
t h e  Sampl ing  theorem o b t a i n s .  The Gram 
a u t o c o r r e l a t i o n  m a t r i x  reduces t o  t h e  i d e n t i t y  due 
t o  t h e  o r t h o n o r m a l i t y  o f  t h e  N y q u i s t  k e r n e l s ,  and 
t h e  c r o s s  c o r r e l a t i o n  s t e p  cor responds  t o  a p e r f e c t  
l o w p a s s  f i l t e r i n g  and sampl ing  o p e r a t i o n .  
Thus, t h e  o p e r a t i o n  may be v e r y  r o u g h l y  
i n t e r p r e t e d  a s  f o l l o w s :  
To r e c o n s t r u c t  w iLh  a  g i v e n  waveform, 
f i r s t  f i l t e r  by t h a t  waveform ( t a k e  
t h e  i n n e r  p r o d u c t )  t h e n  s o l v e  t h e  
m a t r i x  p r o b l e m  w i t h  t h e  Gram m a t r i x  
o f  a u t o c o r r e l a t i o n s .  I f  t h e  m a t r i x  
i s  l a r g o  we may be a b l e  t o  i g n o r e  
edge e f f e c t s  and c o n s i d e r  t h e  m a t r i x  
s i m p l y  as a  c o n v o l u t i o n  w i t h  t h e  
" G r e e n ' s  f u n c t i o n "  o f  t h e  Gram 
o p e r a t o r ,  wh ich  s e r v e s  as an 
e q u a l i z i n g  f i l t e r  t o  f l a t t e n  t h e  
r e s p o n s e  o f  t h e  i n i t i a l  f i l t e r .  
Thus, t h e  above p r o c e s s  i s  a  l i n e a r  p rocess  
and, we m i g h t  add, one t h a t  i s  q u i t e  f a m i l i a r  i n  
c e r t a i n  c i r c l e s .  I t  i s ,  however, i nadequa te  f r o m  
s e v e r a l  s t a n d p o i n t s .  
The t w o  ma j a r  inadequac ies  a r e ,  f i r s t ,  
p o s i t i v i t y  c o n s t r a i n t s  stemming f rom t h e  p h y s i c s  o f  
l i g h t  and t h e  p h y s i c s  o f  t h e  d i s p l a y  d e v i c e s  and, 
second,  t h e  inadequacy  o f  t h e  l e a s t  square image 
m e t r i c  as a s u i t a b l e  model  f o r  v i s i o n .  I n  t h e  n e x t  
s e c t i o n  we d i s c u s s  t h e  f i r s t  o f  these  shor tcomings,  
w h i l e  i n  a  l a t e r  s e c t i o n  we t r e a t  t h e  second. 
4.  THE POSITIVITY CONSTRAINT 
I n  t h i s  s e c t i o n  we ana lyze  t h e  cause o f  t h e  
n e g a t i v e  l o b e s  o u t p u t  b y  t h o  optimum l i n e a r  f i l t e r .  
We a l s o  e x p l o r e  methods f o r  c o r r e c t i n g  t h e  n e g a t i v e  
l o b e  o u t p u t .  I t  t u r n s  o u t  t h a t  t h e  obv ious  method 
o f  t r u n c a t i n g  t h e  n e g a t i v e  l o b e s  a t  ze ro  may o r  
may 
n o t  work ,  depend ing  upon t h e  f o r m  o f  t h e  r e s t o r a t i o n  
k e r n e l .  We a n a l y z e  t h e  c r i t e r i a  under wh ich  
t r u n c a t i o n  works .  U n f o r t u n a t e l y ,  f o r  t h e  case o f  
i n t e r e s t ,  v i z .  Gaussian r e c o n s t r u c t i o n  k e r n e l s ,  t h e  
c r i t e r i a  a r e  n o t  met .  
F i g u r e  3 shows t h e  minimum mean square e r r o r  
r e c o n s t r u c t i o n  o f  an impu lse  u s i n g  Gaussian 
r e c o n s t r u c t i o n  k e r n e l s .  
The r e l a t i v e  ex t rema r e p r e s e n t  t h e  s t r o n g e s t  
c o n t r i b u t i o n s  o f  each i n d i v i d u a l  Gaussian s p o t .  
T h i s  r e s p o n s e  can be  couched i n  a lmos t  t e l e o l o g i c a l  
t e r m s  a s  f o l l o w s :  
To make an impu lse  w i t h  a  s e r i e s  o f  
Gaussian bumps, t a k e  an i n i t i a l  bump 
and shave o f f  t h e  s i d e s  t o  nar row t h e  
bump b y  s u b t r a c t i n g  a  s m a l l  Gaussian 
f r o m  e i t h e r  s i d e .  Naw t o  compensate 
f o r  t h e s e  n e g a t i v e  l o b e s  we add. i n  
some p o s i t i v e  Gaussians o f  smal l c r  
p r o p o r t i o n s  a  l i t t l e  f a r t h e r  away, 
Now t o  compensate f o r  t h e s e  p o s t i v e  
l o b e s ,  .... e t c .  
T h i s  p r o c e d u r e  canno t  be fo l lowec l  i f  we have, say, a  
s e r i e s  o f  p o t e n t i o m e t e r s  c o n t r o l l i n g  t h e  b r i g h t n e s s  
o f  a  number o f  Gaussian s p o t s .  T h i s  i s  because t h e  
p o t s  c a n n o t  be  t u r n e d  n e g a t i v e .  There i s  no way t o  
make n e g a t i v e  l i g h t - - m u c h  t o  t h e  f r u s t r a t i o n  o f  many 
w o r k e r s  concerned  w i t h  these  k i n d  o f  d i s p l a y  
p r o b l e m s .  Thus t h e  d i s p l a y  o f  a  r e c o n s t r u c t e d  image 
1 s  c o n s t r a i n e d  t o  t h e  p o s i t i v e  cone xo>O, xl>O, 
x2>o, . . .x,,SO. 
T h i s  p u t s  an a d d i t i o n a l  c o n s t r a i n t  on t h e  
s a m p l i n g  p rob lem.  A s u c c i n c t  s ta tement  o f  t h e  
p r o b l e m  i s  now: 
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S a m p l i n g  p r o b l e m  ( w i t h  p o s i t i v i t y ) :  
'-a 
w i t h  x r e s t r i c t e d  t o  t h e  p o s i t i v e  cone 
How do we approach  t h i s  p rob lem? Wel l ,  one p o p u l a r  
method  h a s  been t o  i g n o r e  i t  c o m p l e t e l y :  s i m p l y  
s o l v e  F o r  t h e  u n c o n s t r a i n e d  optimum r e c o n s t r u c t i o n  
and  s e t  any  n e g a t i v e  v a l u e s  t o  z e r o .  T h i s  method 
may w o r k  i n  c e r t a i n  cases. F o r  example, i f  t h e  
p i c t u r e  i s  s u f f i c i e n t l y  b r i g h t  everywhere, t h e  
n e g a t i v e  l o b e  may never  d i p  be low zero .  Whenever we 
need  t o  t r u n c a t e  n e g a t i v e  va lues ,  however, p o s s i b l y  
s e v e r e  i n a c c u r a c i e s  r e s u l t .  Charac te rs ,  l i n e s ,  and 
many o t h c r  g r a p h i c  o b j e c t s  a r e  b i n a r y  p i c t u r e s  w i t h  
t h e  l e s s e r  v a l u e  b e i n g  z e r o .  Thus i n  g r a p h i c s  t h e  
need  t o  t r u n c a t e  a r i s e s  o f t e n .  
l h c  t y p i c a l  case i s  i l l u s t r a t e d  b y  t h e  p r e v i o u s  
example ,  v i z .  samp l ing  an impu lse .  S imp ly  
t r u n c a t i n g  t h e  n e g a t i v e  l o b e s  leaves  a  c u r i o u s  
" r i n g i n g "  p a t t e r n  around t h e  impu lse  ( F i g u r e  9 ) .  
The r i n g i n g  p a t t e r n  i n  no way c o n t r i b u t e s  t o  t h e  
m i n i m i z a t i o n  o f  t h e  mean square m e t r i c ,  s i n c e  t h e i r  
principal f u n c t i o n  was t o  compensate f o r  t h e  
n e g a t i v e  l o b e s .  S e t t i n g  t h e  p o s i t i v e  s i d e l o b e s  t o  
z e r o  a l s o  happens t o  be  v e r y  c l o s e  t o  t h e  minimum 
mean square e r r o r  p i c t u r e :  a  s i n g i e  Gaussian bump. 
G e o m e t r i c a l l y ,  t h e  s i t u a t i o n  may be v i s u a l i z e d  
a s  i n  F i g u r e  10 .  We have suppressed a l l  d imensions 
e x c e p t  two  and drawn c o n t o u r  l i n e s  f o r  e r r o r .  The 
a c t u a l  opt imum can be  seen t o  be a t  p o i n t  A i n  wh ich  
xl>O b u t  x2<O: S e t t i n g  xprO p r o j e c t s  t h e  p o i n t  A 
o n t o  B ,  a  p o i n t  wh ich  s a t i s f i e s  t h e  c o n s t r a i n t s  b u t  
w h i c h  i s n ' t  v e r y  c l o s e  t o  t h e  t r u e  c o n s t r a i n e d  
min imum g i v e n  b y  p o i n t  C.  
How b a d l y  do we do b y  s e t t i n g  c o - o r t l i n a t e s  t o  
z e r o ?  T h a t  depends on t h e  e c c e n t r i c i t y  o f  t h e  
e l l i p s e  and t h e  a n g l e s  t h a t  t h e  ma jo r  a x i s  o f  t h e  
e l l i p s e  fo rms w i t h  t h e  c o - o r d i n a t e  axes.  W i t h  a  
n e a r l y  r o u n d  e l l i p s e ,  one whose ma jo r  and minor  axes 
a r e  v e r y  n e a r l y  equa l  i n  l e n g t h ,  one comes v e r y  
c l o s c  i n d e e d  t o  t h e  t o  t h e  optimum, when one s e t s  
t h e  o f f e n d i n g  c o - o r d i n a t e s  t o  z e r o  ( F i g u r e  11). I n  
t h e  case  o f  r e c o n s t r u c t i n g  say a  10x13 p i x e l  
c h a r a c t e r  we a r e  c o n f r o n t e d  w i t h  a  130 d imens iona l  
e l l i p s o i d .  The e l l i p s o i d  i s  formed f r o m  t h e  l e v e l  
s u r f a c e s  o f  t h e  mean square e r r o r  f u n c t i o n a i .  To 
f i n d  i t s  e c c e n t r i c i t y  we m e r e l y  f i n d  t h e  r a t i o  o f  
t h e  l a r g e s t  t o  t h e  s m a l l e s t  o f  t h e  e igenva lues  o f  
t h e  H e s s i a n  o f  t h e  ( q u a d r a t i c )  e r r o r  f u n c t i o n a l .  
i . e .  t h e  m a t r i x  o f  second o r t le r  p a r t i a l  d e r i v a . t i v e s  
T h i s  i s  none o t h c r  t h a n  o u r  o l d  f r i e n d  t h e  Gram 
a u t o c o r r e l a t i o n  m a t r i x .  Thus we f i n d  t h a t  t h e  s e t  
o f  e i g e n v a l u e s ,  and hence t h e  e c c e n t r i c i t y  o f  t h e  
e l l i p s o i d ,  depends on t h e  r e c o n s t r u c t i o n  k e r n e l .  
Now, f o r  aft o r t h o n o r m a l  r e c o n s t r u c t i o n  k e r n e l ,  
s u c h  a s  t h e  N y q u i s t  k e r n e l ,  t h e  Hessian i s  t h e  
i d e n t i t y  m a t r i x .  Hence, t h e  e i g e n v a l u e s  a r e  a l l  
u n i t y  and t h e  e l l i p s o i d  i s  p e r f e c t l y  round .  
T h e r e f o r e ,  s i m p l y  s e t t i n g  t h e  o f f e n d i n g  c o - o r d i n a t e s  
t o  z e r o  g i v e s  t h e  c o n s t r a i n e d  optimum e x a c t l y .  
We do n o t  have N y q u i s t  k e r n e l s  a t  ou r  d i s p o s a l ,  
however,  b u t  r a t h e r  Gaussians--which a r e  d e c i d e d l y  
n o t  o r t h o n o r m a l .  I t  t u r n s  o u t  t h a t  f i n d i n g  t h e  
e i g c n v a l u e s  and e i g e n v e c t o r s  o f  t h e  Gram 
a u t o c o r r e l a t i o n  m a t r i x  i s  a  wel l -known p rocedure  
c a l l e d  t h e  Karhunen-Loeve t r a n s f o r m a t i o n .  Speaking 
v e r y  l o o s e l y ,  t h e  e igenva lues  cor respond  t o  t h e  
v a l u e s  o f  t h e  Power s p e c t r a l  d e n s i t y ,  v i z .  t h e  
s q u a r e  o f  t h e  F o u r i e r  t .ransform magni tude o f  t h e  
a u t o c o r r e l a t i o n  f u n c t i o n .  Bu t  t h e  a u t o c o r r e l a t i o n  
o f  a Gauss ian  d i s t r i b u t i o n  i s  aga in  a  Gaussian w i t h  
d o u b l e  t h e  s t a n d a r d  c l e v i a t i o n ,  and i t ' s  w e l l  known 
t h a t  t h e  F o u r i e r  t r a n s f o r m  o f  a  Gaussian i s  a l s o  a  
Gauss ian .  Thus, t h e r e  i s  a  tremendous range  i n  t h e  
m a g n i t u d e  o f  t h e  e i g e n v a l u e s  encountered,  t h e  v a l u e s  
b e i n g  governed  b y  an e x p o n e n t i a l  o f  a  t e r m  
p r o p o r t i o n a l  t o  t h e  square o f  t h e  abc issa .  I n  o t h e r  
w o r d s  for a  Gaussian t l i s t r i b u t i o n  t h e  e l l i p s o i d  i s  
very_ e c c e n t r i c .  Fur thermore ,  t h e  ang le  o f  
i n c l i n a t i o n  o f  t h e  e l l i p s o i d  w i t h  r e s p e c t  t o  t h e  
c o - o r d i n a t e  h y p e r p l a n e s  (x i=O)  i s  g i v e n  by d i r e c t i o n  
c o s i n e s  t h a t  co r respond  t o  t h e  i n n e r  p roduc t  o f  a  
Gauss ian  w i t h  t h e  Karhunen-Loeve e i g e n v e c t o r s .  
These e i g e n v e c t o r s  a r e  v e r y  r o u g h l y  s i n u s o i d s .  
These d i r e c t i o n  cos ines ,  a t  l e a s t  f o r  t h e  l a r g e s t  
e i g e n v a l u e s ,  a r e  r o u g h l y  equal ,  so t h e  e l l i p s o i d  i s  
p i t c h e d  a t  an a n g l e  o f  about  45O--the w o r s t  case. 
To sum up  t h e  d i s c u s s i o n  so f a r :  Wh i le  s e t t i n g  
t h e  n e g a t i v e  c o o r d i n a t e s  t o  ze ro  f o r  o r thonorma l  
b a s i s  f u n c t i o n s  i s  a  v e r y  good procedure,  f o r  t h e  
Gauss ian  r e s t o r a t i o n  k e r n e l s  i t  i s  v e r y  bad.  
TIIE KUHN-TUCKER CONDITIONS 
S i n c e  s i m p l y  t . r u n c a t i n g  t h e  n e g a t i v e  lobes  o f  
t l ~ e  o u t p u t  s i g n a l  w i l l  n o t  p r o v i d e  an optimum 
s o l u t i o n  s u b j e c t  t o  t h e  p o s i t i v i t y  c o n s t r a i n t ,  we 
m u s t  s e a r c h  f o r  methods t h a t  w i l l  p r o v i d e  us w i t h  
t h e  opt imum c o n s t r a i n e d  s o l u t i o n  t o  t h e  a n t i a l i a s i n g  
p r o b l e m .  No te  t h a t  we now a r e  t a l k i n g  about  some 
n o n - l i n e a r  f i l t e r i n g  p rocedure  t h a t  w i l l  p r o v i d e  u s  
w i t h  t h e  opt imum sample v a l u e s  f o r  some i n p u t  image. 
F o r t u n a t e l y ,  t h e  s t r u c t u r e  o f  t h e  a l i a s i n g  p rob lem 
i s  such  t h a t  c e r t a i n  key c o n d i t i o n s  a r e  met. T h i s  
s i m p l i f i e s  t h e  o p t i m i z a t i o n  problem immensely and 
g i v e s  u s  a r e l a t i v e l y  s t r a i g h t f o r w a r d  way t o  s o l v e  
t h e  p r o b l e m .  These c o n d i t i o n s  a r e  t h e  Kuhn-Tucker 
c o n d i t i o n s  and t h e  method o f  s o l u t i o n  i s  known as 
t h e  method  o f  f e a s a b l e  d i r e c t i o n s .  
To o p t i m i z e  a n o n l i n e a r  f u n c t i o n a l  s u b j e c t  t o  
i n e q u a l i t y  c o n s t r a i n t s  i s ,  i n  g e n e r a l ,  a  v e r y  
d i f f i c u l t  t a s k .  I f  t h e  f u n c t i o n a l  and i t s  
c o n s t r a i n t s  s a t i s f y  t h e  f o l l o w i n g  assumptions t h e n  
we may a p p l y  t h e  Kuhn-Tucker theorems f o r  i n e q u a l i t y  
c o n s t r a i n e d  m a t h e m a t i c a l  programming problems.  The 
Kuhn-Tucker  c o n d i t i o n s  a r e :  
( i )  The f u n c t i o n a l  i s  convex. That  i s  i f  
x i  and x i  ( i = O , l ,  ..., n-1 )  a r e  two 
p o i n t s  i n  t h e  s o l u t i o n  space, t h e n  
S(dFr  +(I-&)%:) 6 CA T(x~) + (l-d)%~i) a d d l .  
I n  o t h e r  words, t h e  f u n c t i o n a l  l i e s  
b e l o w  a  l i n e  j o i n i n g  any two o f  i t s  
v a l u e s .  See F i g u r e  12.  
( i i )  The f e a s i b l e  s e t ,  i . e .  t h e  s e t  o f  
p o i n t s  s a t i s f y i n g  t h e  c o n s t r a i n t s ,  i s  
convex and has  a  nonempty i n t e r i o r .  
F o r t u n a t e l y ,  b o t h  t h e s e  assumpt ions h o l d  f o r  t h e  
c a s e  a t  hand:  r e c o n s t r u c t i o n  w i t h  Gaussian k e r n e l s  
and p o s i t i v e  w e i g h t s .  I t s  e v i d e n t  t h a t  t h e  square  
e r r o r  m e t r i c  i s  convex ( f o r  o t h e r  v i s u a l  m e t r i c s  
t h i s  c o n d i t i o n  may no  l o n g e r  h o l d ) .  The second 
a s s u m p t i o n  i s  a l s o  s a t i s f i e d .  The p o s i t i v e  cone i s  
o b v i o u s l y  convex and has  a generous i n t e r i o r .  
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We now s t a t e  a  Kuhn-Tucker theorem. 
Ku l ,n -T~ icker  Theorem. Under t h e  c o n d i t i o n s  
m e n t i o n e d  above, t h e  n o n l i n e a r  programming p rob lem 
( E q u a t i o n  4 .1 )  has a  m in ima l  s o l u t i o n  xx>O i f f  t h e r e  
e x i s t s  A*>0 such t h a t  t h e  Lagrangian 
n- l 
J(z,xl= XI,,...,&-,) -x lkrk
k=O 
h a s  a  s a d d l e  p o i n t  a t  (x* ,XX) .  
A  u s e f u l  i n t e r p r e t a t i o n  o f  t h i s  theorem 
[ C o l l a t z  and W e t t e r l i n g  19751 i s  t h a t  a t  t h e  optimum 
p o i n t  x X ,  t h e  g r a d i e n t  of  t h e  f u n c t i o n a l  i s  
p e r p e n d i c u l a r  t o  t h e  a c t i v e  c o n s t r a i n i n g  
h y p e r p l a n e s ,  v i z .  t h e  c o o r d i n a t e  hyperp lanes  i n  
w h i c h  x *  has  a  z e r o  component. I f  t h e r e  i s  no 
c o n s t r a i n i n g  a c t i v e  hyperp lane  then  t h e  g r a d i e n t  
m u s t  be  z e r o .  
The Kuhn-Tucker  theorem p r o v i d e s  t h e  b a s i s  f o r  
a  number o f  d i f f e r e n t  o p t i m i z a t i o n  a l g o r i t h m s .  One 
o f  t h e  s i m p l e s t  (and  s l o w e s t )  i s  t h e  one we have 
c h o s e n  i n  t h i s  work :  t h e  method o f  f e a s i b l e  
d i r e c t i o n s .  I n  t h i s  i t e r a t i v e  method, a  p o i n t  x C  i s  
u p d a t e d  b y  a  v e c t o r  p r o p o r t i o n a l  t o  t h e  g r a d i e n t  o f  
t h e  f u n c t i o n a l  p r o j e c t e d  upon a  subspace wh ich  
m a i n t a i n s  t h e  new i t e r a t e  i n  t h e  p o s i t i v e  cone: 
Namely, 
= r i  P17J 
w h e r e  VJ i s  t h e  g r a d i c n t  of t h e  f u n c t i o n a l .  
P i s  t h e  p r o j e c t i o n  o p e r a t o r  wh ich  
l i m i t s  
95 t o  a  f e a s i b l e  subspace, and 
G i>O i s  a  sequence o f  numbers chosen t o  
make 
t h e  Jacob ian  decrease a t  each 
iteration 
( S t e e p e s t  d e s c e n t ) .  
T h e r e  a r e  s e v e r a l  s a l i e n t  p o i n t s  abou t  t h i s  method 
w h i c h  s h o u l d  be ment ioned .  
F i r s t ,  t h i s  method i s  n o n l i n e a r ,  e.g. 
f does n o t  i m p l y  t h a t  L . ~ t + ~ $  
I n  p a r t i c u l a r ,  i f  c  i s  chosen t o  make t h e  b u l k  o f  c f  
n e g a t i v e ,  t h e n  t h e  o u t p u t  w i l l  be ze ro .  
Second, t h e  method can i n  c e r t a i n  cases 
c o l l a p s e  t o  t h e  u n c o n s t r a i n e d  case. For  an i n p u t  
image t h a t  l i e s  deep i n  t h e  f e a s i h l e  s e t ,  i . e .  i t  
i s  p o s i t i v e  everywhere,  then  one can a f f o r d  t h e  
l u x u r y  o f  n e g a t i v e  l o b e s  because t h e  u l t i m a t e  answer 
w i l l  s t i l l  have o n l y  p o s i t i v e  c o e f f i c i e n t s .  For  an 
i n p u t  image on t h e  boundary o f  t h e  f e a s i b l e  s e t ,  
i .e. one t h a t  has  many p i x e l s  s e t  t o  zero,  t h e  
method  w i l l  suppress  n e g a t i v e  l o b e s .  The n e x t  
s e c t i o n  w i l l  demons t ra te  how these  c o n s t r a i n t s  
c o n t r o l  r i n g i n g .  
5 .  RESULTS 
The above a l g o r i t h m  was programmed on a  
DECSYSTEM-20 f o r  b o t h  t h e  one and two d imens iona l  
c a s e s .  F o r  t h e  i n p u t  images we hand d i g i t i z e d  
c h a r a c t e r s  on e i t h e r  a  1x100 o r  100x100 g r i d .  The 
d e c i m a t i o n  r a t i o  was s e t  t o  100:16 o r  6.25. The 
c o e f f i c i e n t s  wcre  t h e n  r e c o n s t r u c t e d  w i t h  a r t i f i c i a l  
G a u s s i a n  d i s t r i b u t i o n s  08 known v a r i a n c e s .  
R e s u l t s  f o r  t h e  one d imens iona l  case a r e  as 
f o l l o w s :  An i m p u l s e  response c e n t e r e d  on a  sample 
v a l u e  g i v e s  t h e  i d e n t i c a l  answer as t h e  t r i a n g u l a r  
k e r n e l  i n t e r p o l a n t ,  a  s l n g l e  Gaussian s p o t .  A l s o  
shown i s  t h e  u n c o n s t r a i n e d  optimum f o r  a  box, wh ich  
a p p e a r s  i n  F i g u r e 1 3  as a  r i n g i n g  s i n c - l i k e  
f u n c t i o n .  
F i g u r e  14 shows t h e  e f f e c t  o f  c o n s t r a i n t s  upon 
t h e  n e g a t i v e  l o b e s  o f  a  s tep  response.  Note t h a t  
s u p p r e s s i o n  o c c u r s  f o r  n o t  o n l y  t h e  n e g a t i v e  
s i d e l o b e s  b u t  a l s o  f o r  t h e  r e s i d u a l  p o s i t i v e  
s i d e l o b e s .  We s t i l l  have r i n g i n g  on t h e  p o s i t i v e  
p o r t i o n s  o f  t h e  s t e p ,  however. These can be removed 
b y  a  r a n g e  c o n s t r a i n t :  i f  we know t h a t  t h e  images 
h a v e  v a l u e s  between 0  and 1  ( a s  do many g r a p h i c  
o b j e c t s )  t h e n  c o n s t r a i n i n g  t h e  x i  t o  O < x i < l ,  g i v e s  
t h e  r e c o n s t r u c t i o n  shown i n  F i g u r e  15. F i n a l l y  t h e  
r e s p o n s e  o f  t h e  a l g o r i t h m  t o  a  c h i r p  s i g n a l  i s  shown 
f o r  c o m p a r i s o n  w i t h  t h e  t r i a n g u l a r  case.  
F o r  t h e  t w o  d i m e n s i o n a l  case, we r e c o n s t r u c t e d  
s e v e r a l  c h a r a c t e r s  w i t h  an a r t i f i c i a l  Gaussian s p o t .  
R a t h e r  t h a n  r e c o n s t r u c t  w i t h  t h e  n a t u r a l  e l e c t r o n  
beam- s p o t  on t h e  CRT we chose t o  r e c o n s t r u c t  w i t h  a  
much l a r g e r  s i m u l a t e d  s p o t .  We d i d  t h i s  f o r  s e v e r a l  
r e a s o n s .  
F i r s t ,  t h e  p i c t u r e s  were e a s i e r  t o  
a n a l y z e  f o r  a r t i f a c t s .  
Second, a t  t h e  t i m e  o f  w r i t i n g  we had 
a s  y e t  n o t  measured t h e  v a r i a n c e  o f  t h e  
s p o t  on t h e  sc reen .  
T h i r d ,  t h e  image d i s p l a y  a v a i l a b l e  t o  
u s  h a d  o n l y  4  b i t s  p e r  p i x e l  b o t h  f o r  t h e  
memory and  t h e  colormap.  A d d i t i o n a l l y .  
t h e  gamma o f  t h e  d i s p l a y  system was n o t  
a d e q u a t e l y  compensated f o r  ( t h i s  was a  
d i s p l a y  i n t e n d e d  f o r  V L S I  d e s i g n  a i d s ) .  
I t  i s  w e l l  known t h a t  f o r  a n t i - a l i a s i n g  
e x p e r i m e n t s  p r o p e r  gamma c o r r e c t i o n  i s  
c r u c i a l  [Crow 19753. Rather  t h a n  l o s e  
p r e c i o u s  b i t s  b y  t r y i n g  t o  gamma c o r r e c t  
i n  t h e  c o l o r  may (remember we o n l y  have 16 
l e v e l s  i n  and o u t )  we dec ided  t o  
r e c o n s t r u c t  w x  l a r g e  spo ts ,  gamma 
c o r r e c t  w i t h  h i g h  p r e c i s i o n  i n s i d e  t h e  
compute r  and d i t h e r  down t o  f o u r  b i t s ,  
t r a d i n g  s p a t i a l  r e s o l u t i o n  f o r  g r a y  s c a l e  
r e s o l u t i o n .  
F i g u r e s  16-18 show t h e  r e s u l t s  o f  t h e  a l g o r i t h m  
compared w i t h  t h e  o r i g i n a l  and t h e  t r i a n g u l a r  f i l t e r  
r e c o n s t r u c t i o n .  
6 .  FUTURE WORK 
We see  many ways t o  c o n t i n u e  t h i s  work.  
We h a v e  n o t  addressed  a t  a l l  t h e  i m p o r t a n t  
p r o b l e m  o f  o v e r l a p p i n g  images. A t  p r e s e n t  t h e  
e x p e d i e n t  we use  i s  t o  p l a c e  each c h a r a c t e r  i n  
f r a m e s  t h a t  does n o t  o v e r l a p .  I f  we were t o  a l l o w  
o v e r l a p p i n g  f rames  t h e n  we would be a l l o w i n g  more 
p i x e l s  p e r  c h a r a c t e r  t o  y i e l d  a  h i g h e r  e f f e c t i v e  
o u t p u t  r e s o l u t i o n .  There a r e  dangers i n  a l l o w i n g  
o v e r l a p p i n g  images, however. Because c h a r a c t e r s  
a l m o s t  n e v e r  o c c l u d e  one another  i n  t h e  t e x t  case 
t h e r e  i s  u s u a l l y  no danger when one i s  p e r f o r m i n g  
l i n e a r  p r o c e s s i n g :  one s i m p l y  adds t h e  r e s u l t i n g  
images .  I n  t h e  case o f  o u r  n o n l i n e a r  p r o c e s s i n g  t h e  
s i t u a t i o n  i s  more d e l i c a t e .  A c a r e f u l  a n a l y s i s  has  
y e t  t o  b e  done. 
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The f o r e m o s t  t a s k  y e t  t o  be done i s  t h e  
i n c l u s i o n  o f  a  b e t t e r  v i s u a l  m e t r i c  t h a n  t h e  l e a s t  
s q u a r e s  m e t r i c .  I t  w i l l  be c l e a r  f rom t h e  f o l l o w i n g  
d i s c ~ ~ s s i o n  t h a t  a  minimum mean square r e c o n s t r u c t i o n  
i s  q u i t e  f a r  f r o m  optimum compared w i t h  a  
r e c o n s t r u c t i o n  w h i c h  t a k e s  i n t o  accoun t  c e r t a i n  key 
f e a t u r e s  o f  t h e  human v i s u a l  system. 
TIIT SINGLE CHANNEL MODEL 
The s i m p l e s t  model o f  t h e  v i s u a l  system i s  t h e  
s o - c a l l e d  L a t e r a l  I n h i b i t i o n  model ( a l s o  known as 
t h e  s i n g l e  c h a n n e l  mode l ) .  The model i s  g i v e n  b y  
t h e  f o l l o w i n g  e q u a t i o n  
03 2 
(b.1) EL, =J I ~ ( E ) *  (109{(5)-10j FIO)~ 
-41 
Where f ( f )  i s  t h e  i n p u t  image, ?(t) i s  t h e  
r c c o n s t r u c t c d  image and h ( t )  i s  a  PSF known as t h e  
l a t e r a l  i n h i b i t i o n  k e r n e l  ( o r  R a t l i f f  k e r n e l ) .  
Thus,  i n  t h i s  model ,  each o f  t h e  i n d i v i d u a l  images 
t o  b e  compared l ~ n d e r g o e s  a  l o g a r i t h m i c  p o i n t  
t r a n s f o r m a t i o n  a f t e r  wh ich  t h e  d i f f e r e n c e  i s  
f i l t e r e t l  and t h e n  summed i n  a  mean square procnclure. 
The f r e q u e n c y  response  c o r r e s p o n d i n g  t o  h(<) i s  
shown i n  F i g u r e  19 where t h e  peak o f  t h e  response 
c u r v e  i s  a t  a b o u t  3 cy /deg  [Cornsweet 19711. 
L e t  u s  a n a l y z e  t h i s  image m e t r i c  a b i t .  R e c a l l  
t h a t  t h e  P a r s e v a l  theorem r e l a t e s  mean square e r r o r  
i n  t h e  s p a t i a l  domain t o  t h a t  i n  t h e  f requency  
domain [ R u d i n  19661: 
A p p l y i n g  t h i s  f o r m u l a  t o  t h e  express ion  f o r  t h e  
v i s u a l  model  response  we o b t a i n  ( v i a  t h e  c o n v o l u t i o n  
theorem)  
.d 
where_H(W) i s  t h e  F o u r i e r  t r a n s f o r m  o f  h ( g ) ,  F, ( m )  
a n d  F2(lu) a r e  t h e  F o u r i e r  t r a n s f o r m s  o f  l o g  fi and 
l o g  f2. N o t e  t h a t  i n  t h i s  fo rm t h e  response i s  j u s t  
a  c l a s s i c a l  w e i g h t e d  l e a s t  square e r r o r  m e t r i c  
be tween t h e  l o g s  o f  t h e  images. From t,he MTF o f  t h e  
v i s u a l  s y s t e m  ( F i g u r e  19)  we see t h a t  t h i s  w e i g h t i n g  
f a v o r s  t h e  h i g h  f r e q u e n c i e s  much more than  t h e  low 
f r e q u e n c i e s .  
There  a r e  two e s s e n t i a l  f e a t u r e s  t h a t  cause t h e  
op t imum image r e c o n s t r u c t i o n  f o r  t h e  o r d i n a r y  l e a s t  
s q u a r e  m e t r i c  and f o r  t h e  l a t e r a l  i n h i b i t i o n  model 
m e t r i c  Lo d i f f e r  s i g n i f i c a n t l y .  The f i r s t  concerns 
t h e  r e l a t i v e  impor tance  g i v e n  t o  e r r o r s  a t  d i f f e r e n t  
l u m i n a n c e  l e v e l s  and t h e  second concerns t h e  
r e l a t i v e  i m p o r t a n c e  g i v e n  t o  e r r o r s  a t  d i f f e r e n t  
s p a t i a l  f r e q u e n c i e s .  
The l o g a r i t h m i c  p o i n t  t r a n s f o r m a t i o n ,  wh ich  
f o r m s  t h e  n o n l i n e a r i t y  i n  t h e  i n i t i a l  s tage o f  t h e  
m o d e l ,  imp lements  Weber's law:  
where  A 1  i s  t h e  j u s t  n o t i c e a b l e  d i f f e r e n c e  i n  
l u m i n a n c e  and I i s  t h e  average luminance.  T h i s  l a w  
h o l d s  o v e r  a  r a n g e  o f  i n t ' e n s i t i e s  t h a t  e a s i l y  
encompasses t h e  r a n g e  encoun te red  i n  g r a p h i c s  and 
t e x t  d i s p l a y .  I t  has been found  that, ke.02. The 
p r e c i s e  (Form f o r  t h e  f u n c t i o n  implement ing Wcber's 
l a w  i s  i n  d i s p u t e .  However, a l l  proposed f u n c t i o n s  
a r e  r e a s o n a b l y  c l o s e  t o  t h e  l o g a r i t h m  f o r  a  range o f  
f n t e n s i t i e s  and s h a r e  most o f  i t s  i m p o r t a n t  
p r o p e r t i e s - - s u c h  as c o n c a v i t y .  I n  words, t h i s  l a w  
s t a t e s  t h a t  s m a l l  luminance e r r o r s  f o r  t h e  l o w  
l u m i n a n c e  p o r t i o n s  o f  an image a r e  f a r  more 
o b j e c t i o n a b l e  t h a n  t h o s e  f o r  t h e  h i g h  luminance 
p o r t i o n s .  
An o p t i m a l  a p p r o x i m a t o r  u s i n g  t h i s  image m c t r i c  
w i l l  t h u s  b e  more f a s t i d i o u s  abou t  t h e  low luminance 
p o r t i o n s  o f  an image, spend ing  more o f  i t s  e r r o r  
b u d g e t  t o  f i t  t h e  d a t a  t h e r e .  S i n c e  t h e  human 
v i s u a l  sys tem i s  more s e n s i t i v e  t o  e r r o r s  i n  t h i s  
p o r t i o n  (hence  t h e  l o g a r i t h m  i n  t h e  model) images 
r e c o n s t r u c t e d  i n  t h i s  manner s h o u l d  compare 
f a v o r a b l y  t o  t h o s e  o f  t h e  o r d i n a r y  l e a s t  squares 
m e t r i c  i n  w h i c h  a l l  t h e  e r r o r s  a r e  t r e a t e d  a s  
e q u a l s .  
A second d i f f e r e n c e  i s  m a n i f e s t e d  by t h e  
f r e q u e n c y  w e i g h t i n g  wh ich  appears i n  Equat ion 6.1.  
H e r e  t h e  model c o r r e c t l y  p r e d i c t s  t h a t  we a r e  by f a r  
more  s e n s i t i v e  t o  h i g h  s p a t i a l  f requency  e r r o r s .  I t  
i s  t h i s  i n c r e a s e d  s e n s i t i v i t y  a t  h i g h  f r e q u e n c i e s  
t h a t  makcs t h e  a r t i f a c t s  o f  f u z z y  edges produced b y  
t h e  t r i a n g u l a r  ke rne l - -an t1  t h e  p e r s i s t e n t  r i n g i n g  
p r o d u c e d  b y  t h e  u n c o n s t r a i n e d  l i n e a r  l e a s t  squares 
a p p r o x i m a n t - - s o  o b j e c t i o n a b l e .  Bo th   artifact,^ a r e  
h i g h  frec1uency e f f e c t s  whose e f f e c t  i s  enhanced b y  
o u r  v i s u a l  system. Us ing  t h e  l a t e r a l  i n h i b i t i o n  
m c t r i c  w i l l  r e s u l t  i n  improved image sharpness and 
l o w e r  r i n g i n g  a t  t h e  expense o f  o f  h i g h e r  e r r o r s  a t  
the  l o w  f r e q u e n c y  p o r t i o n s  o f  t h e  image, wh ich  
p r e s u m a b l y  we do n o t  see. 
The methotls f o r  c a l c c t l a t i o n  o f  an o!ltirnal 
a p p r o x i m a n t  f o r  such an image m c t r i c  have y e t  t o  be 
r e s o l v e d .  I n t r o d u c t i o n  o f  t h e  l o g a r i t h m i c  
n o n l i n e a r i t y  ( o r  any o t h e r  n o n l i n e a r i t y  popu la r  i n  
v i s u a l  m o t l e l l i n g )  causes a  l o s s  o f  c o n v e x i t y  f o r  t h e  
f u n c t i o n a l .  Thus, t h e  Kuhn-Tucker theorems may n o t  
b e  a p p l i e d  d i r e c t l y .  We a r e  c u r r e n t l y  i n v e s t i g a t i n g  
i m p l e m e n t a t i o n s  wh ich  w i l l  bypass t h i s  d i f f i c u l t y .  
MULTICMANNEL MODELS 
More r e a l  i s t i c  v i s u a l  motlels can be cons i t l e red  
f o r  u s e  i n  t h e  o p t i m a l  approximant  scheme. 
C u r r e n t l y  p o p u l a r  i n  t h e  psychophys ica l  l i t e r a t u r e  
a r e  a  c l a s s  o f  models know as m u l t i c h a n n e l  models 
[Graham and Nachmias 1971, M o s t a f a v i  and S a k r i s o n  
1976,  K a j i y a  19791. I n  these  models t h e  image, 
a f t e r  p a s s i n g  t h r o u g h  a  n o n l i n e a r i t y ,  i s  n o t  
f i l t . e r e r l  b y  a  s i n g l e  f requency  shaping network b u t  
r a t h e r  4 y ,  many bandpass channe ls  o f  v a r y i n g  
s c n s i t i v i t i c s .  There i s  a  c e r t a i n  amount o f  
c o n t r o v e r s y  over  t h e  c h a r a c L e r i s t i c s  o f  such 
c h a n n e l s  and t h e  mode o f  summation o f  t h e  o u t p u t s  o f  
such  c h a n n e l s ,  b u t  i t  i s  a  p r o m i s i n g  p o s s i b i l i t y  
t h a t  L  m a t r i c s  r a t h e r  than  L m e t r i c s  may be c l o s e r  
t o  t h e  t r u t h .  I f  t h i s  i s  t h e  case then  t h e  door i s  
open f o r  n o n l i n e a r  Chebyshev techn iques  t o  be 
a p p l i e d  t o  t h e  a n t i a l i a s i n g  problem. 
There  i s  f a r  more t o  t h e  a n t i a l i a s i n g  problem 
t h a n  s i m p l e  l i n e a r  f i l t e r i n g .  We. have analyzed t h e  
p e r f o r m a n c e  o f  t h e  l i n e a r  f i l t e r i n g  approach t o  
a n t i a l i a s i n g ,  and i n t r o t l u c e d  t h e  use o f  more 
p o w e r f u l  t e c h n i q u e s  f o r  c e r t a i n  c r i t i c a l  
a p p l i c a t i o n s  such as t h e  d i s p l a y  o f  h i g h  q u a l i t y  
t e x t .  Perhaps someday c o m p u t a t i o n a l  techn iques  w i l l  
b e  d i s c o v e r e d  t o  p e r f o r m  t h e s e  c a l c u l a t i o n s  f o r  more 
g e n e r a l  s y n t h e t i c  images. For  now, though, t h e  
p r a c t i c a l  use  o f  o u r  t e c h n i q u e  i s  l i m i t e d  t o  images 
w i t h  r e l a t i v e l y  s m a l l  p i x e l  s i zes - -such  as t h e  
d i s p l a y  o f  t e x t  c h a r a c t e r s .  
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